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We analyze the amplitude of radiative charged pion photoproduction within the framework of
heavy baryon chiral perturbation theory (HBChPT) and discuss the best experimental setup for
the extraction of the charged pion polarizabilities from the differential cross section. We find that
the contributions from two unknown low energy constants(LECs) in the πN chiral Lagrangian at
order p3 are comparable with the contributions of the charged pion polarizabilities. As a result, it
is necessary to take these two LECs’ effects into account. Furthermore, we discuss the applicability
of the extrapolation method and conclude that this method is applicable only if the polarization
vector of the incoming photon is perpendicular to the scattering plane in the center of mass frame
of the final γ − π system.
PACS numbers: 13.88+e, 12.39.Fe, 11.30.Rd
I. INTRODUCTION
Electric (α) and magnetic (β) polarizabilities characterize the global responses of a composite system to external
electric and magnetic fields. They provide precious information about the inner structure of the composite system.
Since the pion is the simplest composite system bound by the strong interaction, its polarizabilities are fundamental
benchmark of QCD in the realm of confinement, and an accurate determination of the charged pion polarizabilities
is highly desirable. The charged pion polarizabilities have been calculated by chiral perturbation theory(ChPT). The
predictions of ChPT at O(p4) read [1]:
αpi± = −βpi± =
e2
4π
· 2
mpi(4πFpi)2
· l¯6 − l¯5
6
=
αemhA√
2Fpimpi
= (2.64± 0.09)× 10−4fm3, (1)
where l¯6− l¯5 is a linear combination of parameters of the Gasser and Leutwyler Lagrangian [2]; Fpi = 93.1 MeV is the
pion decay constant; and hA = (0.0115± 0.0004)/mpi [3] is the axial vector coupling constant. The next-to-leading-
order result has been calculated at O(p6) in ChPT [4, 5], and changes the result shown in (1) very little:
(α+ β)pi± = (0.3± 0.1)× 10−4fm3, (α− β)pi± = (4.4± 1.0)× 10−4fm3. (2)
Therefore, the measurement of the charged pion polarizabilities becomes an excellent test of chiral dynamics. There
is also a preliminary lattice result by using background field technique which gives αpi± = (3.4± 0.4)× 10−4fm3 [6].
Usually the polarizabilities of hadrons are extracted through Compton scattering. When the Compton scattering
amplitudes are expanded in the energy of the final photon, its leading order terms are given by the Thomson limit
which only depends on the charge and the mass of the target. Genuine structure effects first appear at second order
and are parametrized in terms of polarizabilities:
Tγpi→γpi = TB + 4πωω
′[(~ǫ1 · ~ǫ ∗2 )αpi + (~k′ × ~ǫ ∗2 ) · (~k × ~ǫ1)βpi ] + · · · , (3)
where TB is the Born amplitude and ~ǫ1(~ǫ2), ω(ω
′) and ~k(~k′) are the polarization vector, energy and momentum of
the initial (final) photon. Because stable pion targets are unavailable, Compton scattering off pions has been done
indirectly through high-energy pion-nucleus bremsstrahlung π−Z → π−Zγ [7], radiative pion photoproduction from
the proton γp → γπ+n [8], and the cross channel two-photon reaction γγ → ππ [9, 10]. Recently, a new radiative
charged pion photoproduction experiment has been performed at the Mainz Microtron MAMI [11]. Their result differs
significantly from the predictions of ChPT:
(α− β)pi± = (11.6± 1.5stat ± 3.0syst ± 0.5model)× 10−4fm3. (4)
Gasser et al. [12] recalculated the two-loop ChPT calculation and obtained (α − β)pi± = (5.7 ± 1.0) × 10−4fm3
with updated values for the LECs at O(p4) but the result is still in conflict with the MAMI result. Consequently,
2the MAMI result fuels the renewed interest in extracting the charged pion polarizabilities from the radiative pion
photoproduction data.
There are mainly two methods to extract the charged pion polarizabilities αpi± and βpi± from radiative charged
pion photoproduction. The method of extrapolation [14, 15] is similar to the one suggested by Chew and Low [16] in
the late 1950’s which has been successfully employed to determine ππ → ππ scattering parameters from the reaction
πN → ππN . However, this method is based on the assumption that the pion-pole diagram is the dominant diagram
when t, the squared momentum transferred to the nucleon, is very close to zero. The authors of [11] pointed out that,
in the case of radiative charged pion photoproduction, the pion pole diagram alone is not gauge invariant and one
has to take into account all pion and nucleon pole diagrams. In order to apply the extrapolation method, one needs
not only very precise data near small t but also good theoretical understanding of the background (the non pion-pole
diagrams). This casts doubt on the utility of the extrapolation method.
The second method is to apply some models to calculate the cross section for the reaction γp→ γπ+n. For example,
in[11] two different models were employed. The first one includes all the pion and nucleon pole diagrams through the
use of the pseudoscalar pion-nucleon coupling. The second one includes the nucleon and pion pole diagrams (without
the anomalous magnetic moments of the nucleons) and the contributions from the ∆(1232), P11(1440), D13(1520),
and S11(1535) resonances. They then determined the value of (α−β)pi± by comparing the predictions of these models
to the data.
In this article, we explore the possibility of extracting the charged pion polarizabilities directly from the cross
section of the radiative charged pion photoproduction within the framework of heavy baryon chiral perturbation theory
(HBChPT) (see [13] for a review of HBChPT). The basic idea here is to calculate the cross section of the reaction
γp→ π+γn by HBChPT then extract αpi± and βpi± from the experimental data of the cross section. This approach
is essentially model-independent and gauge-invariant. The complete result of the radiative pion photoproduction in
HBChPT at the one-loop level will be reported elsewhere[17]. Here we focus on the best experimental setup for the
extraction of the charged pion polarizabilities from the cross section of radiative charged pion photoproduction.
This article is organized as follows. In Sec. II the kinematics of the radiative pion photoproduction is discussed. In
Sec. III we analyze the amplitude of the radiative pion photoproduction in HBChPT. The extraction of charged pion
polarizabilities from the cross section of radiative charged pion photoproduction is studied in Sec. IV. We discuss the
applicability of the extrapolation method in Sec. V. Several issues are discussed and conclusions are given in Sec. VI.
II. KINEMATICS OF RADIATIVE CHARGED PION PHOTOPRODUCTION
In this section we discuss the kinematics of radiative charged pion photoproduction. We adopt the following
notations:
γ(ǫ1, k) + p(P1)→ γ(ǫ2, q) + π+(r) + n(P2). (5)
Here k=(ωk, ~k ), q=(ωq, ~q ), r=(ωr, ~r ), P1=(
√
M2N + |~p1|2 , ~p1 ), P2=(
√
M2N + |~p2|2 , ~p2 ). ǫ1(ǫ2) and k(q) are
the polarization vector and momentum of the incoming(outgoing) photon, respectively. P1(P2) is the momentum of
initial(final) nucleon. We choose the following gauge: ǫ1 · v = ǫ2 · v = 0, where v is the velocity of the nucleon. The
reason to choose this particular gauge is because the leading order γNN vertex in HBChPT vanishes in this gauge.
Hence the calculation is significantly simplified. Furthermore, ǫ1 · k = ǫ2 · q = 0 because both the incoming and the
outgoing photons are real photons. The most convenient frame is the c.m. frame of the final γ-π system. In this
frame, one has ~r + ~q = 0 and the relations as follows:
S1 ≡ (r + q)2 = (ωq + ωr)2, t ≡ (P1 − P2)2 = (r − k + q)2, cos θ ≡ kˆ · qˆ,
ωq =
S1 −m2pi
2
√
S1
, ωk =
S1 − t
2
√
S1
, ωr =
S1 +m
2
pi
2
√
S1
, ωk − ωq − ωr = −S1 − t
2
√
S1
,
u ≡ (r − k)2 = 1
2
(
m2pi + t− S1 +
tm2pi
S1
)
+
cos θ
2
(
m2pi − S1 + t−
tm2pi
S1
)
. (6)
In this article we refer to the plane spanned by ~k and ~r as the “scattering plane”. Note that S1 ≥ m2pi and t ≤ 0.
III. THE AMPLITUDES OF THE RADIATIVE PION PHOTOPRODUCTION IN HBCHPT
This section we discuss the amplitudes of radiative charged pion photoproduction in HBChPT. Before proceeding,
one has to determine to which order the amplitudes need to be computed in HBChPT. Note that HBChPT is essentially
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FIG. 1: The LO diagrams for radiative pion photoproduction in the ǫ1 · v = ǫ2 · v = 0 gauge. The corresponding amplitude of
the diagram (A) is denoted as A1A in the text. Similar notations are applied to the other diagrams. The dotted line represents
the pion, the solid line represents the nucleon, the wedged line represents the photon.
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FIG. 2: The NLO diagrams for radiative pion photoproduction in the ǫ1 · v = ǫ2 · v = 0 gauge. The squares represent the
NLO vertices. The corresponding amplitude of the diagram (A) is denoted as A2A in the text. Similar notations are applied
to the other diagrams. The dotted line represents the pion, the solid line represents the nucleon, the wedged line represents
the photon.
a double expansion, i.e., the combination of a chiral expansion and a heavy baryon expansion. The amplitudes can
be expressed as:
A =
∞∑
n=0,m=0
Bm,n
(MN )n(4πFpi)2m
=
∞∑
l=2m+n
A(l). (7)
The predictions for the charged pion polarizabilities Eq.(1) are extracted from the amplitude of Compton scattering
of pions at the one loop level, so αpi± and βpi± emerge in A(2)(n = 0,m = 1). The leading-order (LO) amplitude
ALO is A(0)(n = 0,m = 0), and the next-to-leading-order(NLO) amplitude ANLO is A(1)(n = 1,m = 0). The next-
to-next-to-leading order amplitude includes A(2)(n = 0,m = 1) and A(2)(n = 2,m = 0). The square of the amplitude
will be expressed as
A = ALO +ANLO +ANNLO + · · · , | A | 2 = | ALO | 2
+ 2Re(ALOA∗NLO)
+ 2Re(ALOA∗NNLO) + | ANLO | 2 + · · · . (8)
Hence the cross section can be split into: σ = σLO + σNLO + σNNLO + · · · and
σLO ∝ |ALO|2, σNLO ∝ 2Re(ALOA∗NLO), σNNLO ∝ 2Re(ALOA∗NNLO) + | ANLO | 2. (9)
The charged pion polarizabilities are extracted from σNNLO so that one has to calculate up to the next-to-next-to-
leading order in HBChPT in addition to A(0)(n = 0,m = 0) and A(1)(n = 1,m = 0).
A. Leading and next-to-leading order amplitudes in HBChPT
The LO diagrams are given in the Fig.(1). The LO amplitudes for radiative charged pion photoproduction are:
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FIG. 3: The NNLO diagrams belonged to A(2)(n = 2, m = 0) for radiative pion electroproduction in the ǫ1 ·v = ǫ2 ·v = 0 gauge.
The squares (hexagons) represent the NLO (NNLO) vertices. The dotted line represents the pion, the solid line represents the
nucleon, the wedged line represents the photon.
A1A = −e
2gA
Fpi
[τc − τ3δc3] (~ǫ1 · ~ǫ
∗
2 )(~σ · (~r − ~k + ~q ))
t−m2pi
,
A1B = −2e
2gA
Fpi
[τc − τ3δc3] (~ǫ
∗
2 · ~r )(~ǫ1 · (~r + ~q ))(~σ · (~r − ~k + ~q ))
[S1 −m2pi][t−m2pi]
,
A1C = −2e
2gA
Fpi
[τc − τ3δc3] (~ǫ1 · ~r )(~ǫ
∗
2 · (~r − ~k ))(~σ · (~r − ~k + ~q ))
[u−m2pi][t−m2pi]
,
A1D = −e
2gA
Fpi
[τc − τ3δc3] (~ǫ1 · ~r )(~σ · ~ǫ
∗
2 )
u−m2pi
,
A1E = −e
2gA
Fpi
[τc − τ3δc3] (~ǫ
∗
2 · ~r )(~σ · ~ǫ1)
S1 −m2pi
. (10)
Here, c is the isospin index of the outgoing pion and * indicates the complex conjugation. A1A represents the amplitude
of the diagram (A) in Fig. (1). Similar notations are applied to other diagrams Fig. (1). There are several remarks
in order regarding the LO amplitudes. First, they all depend on the nucleon spin. Second, the diagrams such as
(1-B), (1-C), (1-D), and (1-E) do not have the corresponding diagrams in πN → ππN because there is no 3π vertex
at leading order. It is important because it explains the essential difference between πN → ππN and γp → γπ+n.
We will return to this point in section V when we discuss the applicability of the extrapolation method. Furthermore,
diagrams (1-B) and (1-E) both vanish in the c.m. frame of the final γ − π system because ~ǫ ∗2 · ~r = ~ǫ ∗2 · (−~q) = 0.
Diagrams (1-C) and (1-D) vanish if the polarization vector of the incoming photon is perpendicular to the scattering
plane spanned by ~k and ~r. In other words, ~ǫ1 ·~r = 0. As a result when the polarization vector of the incoming photon
is perpendicular to the scattering plane the LO amplitude in the c.m. frame of final γ − π system becomes A1A only.
On the other hand, if the the polarization vector of the incoming photon is parallel to the scattering plane then the
LO amplitude in the c.m. frame of final γ − π system becomes A1A +A1C +A1D.
The NLO diagrams are listed in Fig.(2). The NLO amplitudes read:
5A2A = e
2gA
2MNFpi
[τc − τ3δc3] (~ǫ1 · ~ǫ
∗
2 )(~σ · (~p1 + ~p2))
t−m2pi
· (ωq + ωr − ωk),
A2B = e
2gA
MNFpi
[τc − τ3δc3] (~ǫ
∗
2 · ~r )(~ǫ1 · (~r + ~q ))(~σ · (~p1 + ~p2))
[S1 −m2pi][t−m2pi]
· (ωq + ωr − ωk),
A2C = e
2gA
MNFpi
[τc − τ3δc3] (~ǫ1 · ~r )(~ǫ
∗
2 · (~r − ~k ))(~σ · (~p1 + ~p2))
[u−m2pi][t−m2pi]
· (ωq + ωr − ωk),
A2D = e
2gA
4MNFpi
[τc, τ3]
(~ǫ1 · ~r )(~σ · ~ǫ ∗2 )
u−m2pi
· (ωr − ωk),
A2E = −e
2gA
2MNFpi
[τcτ3 − δc3][1 + τ3] (~ǫ1 · ~r )(~σ · (~r −
~k ))(~ǫ ∗2 · ~p1)
u−m2pi
· 1
ωq
,
− e
2gA
8MNFpi
[τcτ3 − δc3]µ˜ (~ǫ1 · ~r )(~σ · (~r −
~k ))[~σ · ~ǫ ∗2 , ~σ · ~q ]
u−m2pi
· 1
ωq
,
A2F = e
2gA
2MNFpi
[1 + τ3][τcτ3 − δc3] (~ǫ1 · ~r)(~σ · (~r −
~k ))(~ǫ ∗2 · ~p2)
u−m2pi
· 1
ωq
,
+
e2gA
8MNFpi
µ˜[τcτ3 − δc3] (~ǫ1 · ~r )[~σ · ~ǫ
∗
2 , ~σ · ~q ](~σ · (~r − ~k ))
u−m2pi
· 1
ωq
,
A2G = e
2gA
4MNFpi
[τc, τ3]
(~ǫ ∗2 · ~r )(~σ · ~ǫ1)
S1 −m2pi
· (ωr + ωq),
A2H = e
2gA
2MNFpi
[τcτ3 − δc3][1 + τ3] (~ǫ
∗
2 · ~r )(~σ · (~r + ~q))(~ǫ1 · ~p1)
S1 −m2pi
· 1
ωk
,
+
e2gA
8MNFpi
[τcτ3 − δc3]µ˜ (~ǫ
∗
2 · ~r )(~σ · (~r + ~q ))[~σ · ~ǫ1, ~σ · ~k ]
S1 −m2pi
· 1
ωk
,
A2J = −e
2gA
2MNFpi
[1 + τ3][τcτ3 − δc3] (~ǫ
∗
2 · ~r )(~σ · (~r + ~q ))(~ǫ1 · ~p2)
S1 −m2pi
· 1
ωk
,
− e
2gA
8MNFpi
µ˜[τcτ3 − δc3] (~ǫ
∗
2 · ~r)[~σ · ~ǫ1, ~σ · ~k ](~σ · (~r + ~q ))
S1 −m2pi
· 1
ωq
,
A2K = −e
2gA
4MNFpi
[1 + τ3][τcτ3 − δc3] (~ǫ
∗
2 · ~p2)(~σ · ~ǫ1)
ωq
− e
2gA
16MNFpi
µ˜[τcτ3 − δc3][1 + τ3] [~σ · ~ǫ
∗
2 , ~σ · ~q ](~σ · ~ǫ1)
ωq
,
A2L = e
2gA
4MNFpi
[τcτ3 − δc3][1 + τ3] (~ǫ1 · ~p1)(~σ · ~ǫ
∗
2 )
ωq + ωr
+
e2gA
16MNFpi
[τcτ3 − δc3]µ˜ [~σ · ~ǫ1, ~σ ·
~k ](~σ · ~ǫ ∗2 )
ωq + ωr
,
A2M = −e
2gA
4MNFpi
τc(1 + τ3)
(~σ · ~r )(~ǫ1 · ~ǫ ∗2 )
ωr
,
A2N = e
2gA
4MNFpi
(1 + τ3)τc
(~σ · ~r )(~ǫ1 · ~ǫ ∗2 )
ωr
,
where µ˜ = (1 + κs) + τ3(1 + κv) and κv(κs) = 3.76(−0.120) is the isovector (isoscalar) anomalous magnetic moment
of the nucleon. A2A represents the amplitude of the diagram (A) in Fig. (2). Similar notations are applied to other
diagrams Fig. (2). In the c.m frame of the final γ-π system, the diagrams (2-B),(2-G), (2-H), and (2-J) also vanish
because ~σ · (~r+ ~q) = 0 and ~ǫ ∗2 · ~r = ~ǫ ∗2 · (−~q) = 0. Furthermore, the diagrams (2-C), (2-D), (2-E), and (2-F) vanish if
the polarization vector of the incoming photon is perpendicular to the scattering plane because ~ǫ1 ·~r = 0. As a result
when the polarization vector of the incoming photon is perpendicular to the scattering plane the NLO amplitude in
the c.m. frame of final γ − π system becomes
A⊥NLO = A2A +A2K +A2L +A2M +A2N , (11)
which contains no term proportional to 1/(u−m2pi). As a matter of fact, in this particular case the sum of LO and
NLO amplitudes is free of the pole at u = m2pi. This is our first important observation.
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FIG. 4: The NNLO diagrams belonged to A(2)(n = 0, m = 1) for radiative pion electroproduction in the ǫ1 ·v = ǫ2 ·v = 0 gauge.
The bubbles labelled MA –MH represent the one-loop chiral corrections to the sub-processes. The dotted line represents the
pion, the solid line represents the nucleon, the wedged line represents the photon.
B. Next-to-next leading order amplitudes in HBChPT
The NNLO amplitude includes A(2)(n = 2,m = 0) and A(2)(n = 0,m = 1). The diagrams which contribute to
A(2)(n = 2,m = 0) are given by Fig.(3); the diagrams which contribute to A(2)(n = 0,m = 1) are given by Fig(4).
The “bubbles” appearing in the diagrams of Fig (4), denoted as fromMA toMH , are the sums of the one-particle
irreducible diagrams of some sub-processes. An explicit graphic explanation of each “bubbles” is given at Fig(5).
They are the one-loop chiral corrections to the tree-level amplitudes of the sub-processes with at least one off-shell
legs. (Except MH in which the five legs are all on-shell). They can be calculated in HBChPT and, actually, most
of them have been calculated before. However these calculations have done under different different definition of
the pion and nucleon fields. The complete calculation of all sub-diagrams under the same definition of the fields is
left for future publication [17]. Zpi and ZN are the wave function renormalization factors for the pion and nucleon,
respectively. Both of them can be found in the literatures [18] MA(γ + π+ → γ + π+) represents one-loop chiral
contribution to Compton scattering from the virtual incoming pion. If the incoming photon is also virtual, then this
sub-diagram also carry the information of the so-called generalized polarizabilities as studied in [19, 20]. MB(π → π)
represents the one-loop chiral correction to the pion mass. MC(p→ π++n) represents the one-loop chiral correction
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FIG. 5: The diagrams denoted as MA –MH in the text represent the one-loop chiral corrections to the sub-processes. The
detail explanation of each diagram is given in the text. The full circle represents the vertex from L
(3)
piN or L
(4)
pipi . The dotted line
represents the pion, the solid line represents the nucleon, the wedged line represents the photon.
to the axial form factor of the nucleon. MD(π− + p → γ + n) is the one-loop chiral correction to the amplitude
of the radiative capture of the virtual charged pion[21]. ME(π+ → γ + π+) is the one-loop chiral correction to the
pion electromagnetic form factor. MF (γ + N → γ + N) represents Compton scattering from an off-shell nucleon
(either incoming or outgoing) [22] at one-loop level and MG(N → γ + N) stands for the one-loop chiral correction
to the nucleon electromagnetic form factor. The only sub-diagram that has never been calculated in HBChPT is
MH(γ + p → π+ + γ + n). The amplitudes contributing to MH are quite lengthy and are given in the appendix.
Besides, there is one exceptional class of diagrams which contain the Wess-Zumino-Witten anomalous term π0 → 2γ
[23](see Fig.(6)). The WZW term is the consequence of the chiral anomaly of QCD [24]. These diagrams contribute
80pi pi pi0 0
pi
c c
cpipi
(A) (B) (C)
FIG. 6: The diagrams for the radiative pion electroproduction in the temporal gauge with the WZW vertex. The index c is
isospin index.
to the NNLO amplitudes:
AWZWA = i
e2
2(πFpi)2Fpi
[τ3, τc]ǫµναβk
µǫν1q
αǫ∗β2
1
(q − k)2 −m2pi
· (ωk − ωq + ωr),
AWZWB = −
e2g2A
(4πFpi)2Fpi
τ3τcǫµναβk
µǫν1q
αǫ∗β2
(~σ · (~q − ~k))(~σ · ~r)
(q − k)2 −m2pi
1
ωr
,
AWZWC =
e2g2A
(4πFpi)2Fpi
τcτ3ǫµναβk
µǫν1q
αǫ∗β2
(~σ · ~r)(~σ · (~q − ~k))
(q − k)2 −m2pi
1
ωr
,
AWZWB +AWZWC =
e2g2A
(4πFpi)2Fpi
ǫµναβk
µǫν1q
αǫ∗β2
· 1
ωr
{
[τc, τ3]
~r · (~q − ~k)
(q − k)2 −m2pi
− 2δc3 i~σ · (~q −
~k)× ~r
(q − k)2 −m2pi
}
. (12)
Note that (q − k)2 − m2pi = t − u − S1. By conservation of energy, one obtains the relation for small momentum
transfer,
ωk − ωq − ωr =
√
M2N + |~p2|2 −
√
M2N + |~p1|2 =
|~p1|2 − |~p2|2
2MN
+O
(
1
M2N
)
. (13)
Hence AWZWA is suppressed. On the other hand, AWZWB + AWZWC is spin-independent for the charged pion. Since
ALO is spin-dependent amplitude, only the spin-dependent amplitude of ANNLO will contribute to the cross section
in Eq. (9) because one has to sum over the initial nucleon spin if the proton target is unpolarized. The product
of one spin-dependent amplitude and another spin-independent amplitude is spin-dependent and it will vanish after
summing over the spin. As one can see from Eq. (12) the total amplitude of the leading order WZW-type diagrams
is spin-independent so that the WZW type diagrams do not contribute to the cross section in Eq. (9).
IV. EXTRACTING CHARGED PION POLARIZABILITIES FROM THE CROSS SECTION OF
RADIATIVE CHARGED PION PHOTOPRODUCTION
A. Chiral Lagrangian and the counter terms
In this section we discuss how to extract αpi± and βpi± from the cross section for radiative charged pion photopro-
duction in HBChPT. According to Eq. (9), the cross section depends on the charged pion polarizabilities through
the interference term between ALO and the amplitude of the diagram (1) in Fig. (4). Since there are no unknown
parameters in the LO and NLO amplitudes, the main uncertainty in this approach comes from the other unknown
parameters in the NNLO amplitude. They are the so-called low energy constants (LECs), which are the coefficients of
the counter terms in the chiral Lagrangian. In principle their values can be determined only through the experimental
data. Note that by studying the fixed point structure of renormalization group equations, the ratios of some LECs
can be estimated [25]. The chiral Lagrangian is expanded as:
Leff = L(2)pipi + L(4)pipi + L(1)piN + L(2)piN + L(3)piN + · · · . (14)
9The charged pion polarizabilities αpi± and βpi± are the LECs in L(4)pipi . There are seven LECs in L(2)piN but only two are
involved in our calculation and they are just the isovector and isoscalar anomalous magnetic moments of the nucleon,
κs and κv. MB contains two LECs in L(4)pipi but they are absorbed into the renormalized pion mass. Similarly, MC
also contains two LECs but they are both absorbed into the axial coupling constant gA and the pion decay constant
Fpi. Consequently, we only need consider two sub-diagrams, MH and MD. MH contains a γγπNN vertex in the
diagram (H-9) in Fig. (5). This vertex is from the following terms of L(3)piN [26]:
L(3)piN = N¯
[
d8ǫ
µναβ〈F˜+µνuα〉vβ + d9ǫµναβ〈F˜+µν 〉uαvβ
+ d20iS
µvν [F˜+µν , v · u] + d21iSµ[F˜+µν , uν] + d22Sµ[Dν , F˜−µν ]
]
N + · · · (15)
where u2 = U =
√
1− π2/F 2pi + i~τ ·~π, uµ = i(u†Dµu−uDµu†), 〈A〉 ≡ Tr(A), F±µν = e(∂µAν − ∂νAµ)(uQu†±u†Qu),
F˜±µν = F
±
µν− 12 〈F±µν 〉, Sµ = i2γ5σµνvν = (0, 12~σ ) where vµ is taken as (1,~0 ). The values of the LECs di are determined
by experimental data. The terms with d8 and d9 are independent of the nucleon spin. They will not contribute to the
cross section as long as the proton target is unpolarized. The term with d20 vanishes in the gauge ǫ1 · v = ǫ2 · v = 0.
Therefore, the amplitude of (H-9) is given as
Ac.t.H =
e2
Fpi
(
d21 +
d22
2
)
[τc − δc3τ3][(~ǫ1 · ~ǫ ∗2 )(~σ · (~k − ~q) )− (~σ · ~ǫ1)(~ǫ ∗2 · ~k ) + (~σ · ~ǫ ∗2 )(~ǫ1 · ~q )]. (16)
Another sub-diagram containing unknown parameters is MD which is the amplitude for π+ + p → γ + n, where
all external legs are on-shell except the π+. This sub-diagram includes one γπNN vertex and the corresponding
amplitude is
Ac.tD =
−2e2gA
Fpi
[τc − τ3δc3]
{
~ǫ1 · ~r
u−m2pi
[
d20 · ω2q(~σ · ~ǫ ∗2 )
+ (d21 +
d22
2
)[(~σ · ~ǫ ∗2 )(ω2q + ~q · (~r − ~k ))− (~σ · ~q )(~ǫ ∗2 · (~r − ~k ))]
]
+
~ǫ ∗2 · ~r
S1 −m2pi
[
d20 · ω2k(~σ · ~ǫ1) + (d21 +
d22
2
)[(~σ · ~ǫ1)(ω2k − ~k · (~r + ~q )) − (~σ · ~k )(~ǫ1 · (~r + ~q ))]
]}
.
(17)
Note that the combination d21+
d22
2 appears in the πγNN vertex is the same as the one in the πγγNN vertex because
the latter is simply the minimal substitution of the former one. The values of d20 and d21+
d22
2 are determined by the
experimental data of charged pion photoproduction and/or radiative pion capture. They also play important roles
in the nucleon spin polarizability γ0 at the two-loop level [32]. Their contributions to the cross section of radiative
charged pion photoproduction are the main theoretical uncertainties of the approach within HBChPT framework.
B. The numerical results
The previous section shows that total cross section for radiative photoproduction depends not only on charged pion
polarizabilities αpi± and βpi± , but also on the LECs d20 and d21 +
d22
2 :
d3σγN→γpiN
dtdS1dΩ
=
(
d3σ
dtdS1dΩ
)LO
+
(
d3σ
dtdS1dΩ
)NLO
+
(
d3σ
dtdS1dΩ
)NNLO
0
+ (α˜+ β˜) ·
(
d3σ
dtdS1dΩ
)NNLO
+
+ (α˜− β˜) ·
(
d3σ
dtdS1dΩ
)NNLO
−
+ η ·
(
d3σ
dtdS1dΩ
)NNLO
η
+ ξ ·
(
d3σ
dtdS1dΩ
)NNLO
ξ
. (18)
Here we have defined dimensionless quantities whose magnitudes are O(1):
α˜± β˜ ≡ (αpi± ± βpi±) ·
(4πFpi)
2mpi
αem
, ξ ≡
(
d21 +
d22
2
)
· (4πFpi)2, η ≡
(
d20 + d21 +
d22
2
)
· (4πFpi)2.
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To extract the charged pion polarizabilities, one should look for the experimental configuration in which both of ξ and
η have the least impacts on the cross section. At the same time, one should also seek the configuration which makes
the cross section most sensitive to the values of αpi± and βpi± . Hence we define the following dimensionless quantities:
R+ =
(
d3σ
dtdS1dΩ
)NNLO
+
/
(
d3σ
dtdS1dΩ
)LO
, R− =
(
d3σ
dtdS1dΩ
)NNLO
−
/
(
d3σ
dtdS1dΩ
)LO
,
Rη =
(
d3σ
dtdS1dΩ
)NNLO
η
/
(
d3σ
dtdS1dΩ
)LO
, Rξ =
(
d3σ
dtdS1dΩ
)NNLO
ξ
/
(
d3σ
dtdS1dΩ
)LO
. (19)
The configuration with the smaller values of Rξ and Rη is preferred because it means the effects of ξ and η are smaller.
At the same time, the experimental setup which gives the larger values of R+, R− is also preferred since in this case
the effects of the charged pion polarizabilities in the cross section are more pronounced. Therefore one should look
for the experimental setup with small Rξ and Rη and large R+ or R−.
When the incoming photon is unpolarized, from Fig.(7) we observe that R+ is large at forward angles and R− is
large at backward angles. Moreover, both R+ and R− increase when S1 increases. Although R+ at forward angles
is about 10 times larger than R− at backward angles, αpi± + βpi± is expected to be far smaller than αpi± − βpi± .
(According to Eq.(2) αpi± −βpi± is about 10 times larger than αpi± + βpi±). Therefore, their effects are expected to be
of the same magnitude.
Now we turn to the values of Rξ and Rη. It is interesting to see the behaviours of Rξ and Rη are very different.
Rξ is small and insensitive to θ at forward angles, but it becomes very sensitive to θ at backward angles. Its absolute
value increases dramatically in the region 90◦ ≤ θ ≤ 120◦ then drops in the range 120◦ ≤ θ ≤ 150◦, and increases
again in the range of 150◦ ≤ θ ≤ 180◦. Rη is very small at forward angles, increases rapidly between 90◦ ≤ θ ≤ 150◦,
then drops at very backward angles.
In order to extract αpi± − βpi± , one has to measure the cross section in the range 180◦ ≥ θ ≥ 120◦ with large S1
because R− is large under such conditions. However, the effect of ξ is most pronounced at very backward angles. In
particular, the θ dependence of Rξ is complicated at large S1 and extreme backward angles. Therefore, one should
avoid the region θ ≥ 150◦. But, even in the region 120◦ ≤ θ ≤ 150◦, Rξ and Rη are both comparable to R−. We
conclude that it is necessary to take the effects of ξ and η into consideration when one extract αpi± − βpi± from the
cross section of radiative charged pion photoproduction. At forward angles, the effect of η is quite small but the effect
of ξ is still comparable to the effect of αpi± + βpi± . Therefore, one should fit η and αpi± − βpi± at backward angles and
fit ξ and αpi± + βpi± at forward angles.
The polarization of the photon has a significant influence on the extraction of the charged pion polarizabilities.
Consider the Fig. (8), where the polarization vector of the incoming photon ~ǫ1 is parallel to the scattering plane.
R
‖
η is no longer smaller than R
‖
ξ as in the unpolarized case. One observes the bumps in R
‖
ξ , R
‖
+ and R
‖
− between
120◦ ≥ θ ≥ 90◦. Those bumps are due to the small values of
(
d3σ
dtdS1dΩ
)LO
. Again we see that it is necessary to take
the effects of ξ and η into account when trying to extract αpi± − βpi± (αpi± + βpi± ) at backward (forward) angles.
The situation becomes very different when the polarization vector is perpendicular to the scattering plane. R⊥η is
identically zero so the extraction of the charged pion polarizabilities is simplified. The Fig.(9) shows that, in contrast
to R
‖
ξ , R
⊥
ξ decreases with θ more smoothly. But, R
⊥
ξ is still comparable to R
⊥
− in the backward direction and R
⊥
+ at
forward angles. Therefore one must fit ξ with the charged pion polarizabilities simultaneously.
V. APPLICABILITY OF THE EXTRAPOLATION METHOD
In this section we discuss the method of extrapolation in [8, 15]. This method is to extrapolate the experimental
data for γ + p → γ + n + π+ obtained near small negative t = tmin < 0 to the pion pole t = m2pi, then obtains the
γπ+ scattering cross section. When |t| is small the pion-pole diagrams are expected to be dominant. Therefore, in [8]
only the diagrams with the pole at t = m2pi, such as the first sixteen diagrams in Fig. 4 , are considered:
A ≃M(p→ π+ + n) · i
t−m2pi
·M(π+ + γ → π+ + γ). (20)
Then one has
d3σγN→γpiN
dtdS1dΩ
∝ |A | 2 ≃ |M(π
+ + γ → π+ + γ) |2 · |M(p→ π+ + n)|2
(t−m2pi)2
. (21)
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FIG. 7: R’s as functions of θ. Rξ(left) and Rη(right) are in the upper panel.R+(left) and R−(right) are in the lower panel. The
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2
pi (7m
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pi, 10m
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pi). t=−3m
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pi in all cases.
Consequently, one obtains the Chew-Low relation
d3σγN→γpiN
dtdS1dΩ
=
g2
4π
S1 −m2pi
8πM2pE
2
γ
(−t)
(t−m2pi)2
[GA(t)]
2
(
dσ
dΩ
)
γpi→γpi
+ FˆB(S1, t, θ), (22)
where g
2
4pi = 14.7 is the pion-nucleon coupling constant and FˆB represents the contribution of other diagrams without
a pole at t = m2pi. GA(t) is the axial form factor of the nucleon. To remove the pole at t = m
2
pi, one defines the
following quantity:
F (t, S1, θ) ≡ (t−m2pi)2 · (2EγMp)2 ·
d3σγN→γpiN
dtdS1dΩ
→ −g
2
8π2
(S1 −m2pi) · t · [GA(t)]2
(
dσ
dΩ
)
γpi→γpi
+ (t−m2pi)2 · FB(t, S1, θ). (23)
Here FB = FˆB · (2EγMp)2. The final step is to use measurements of F (t, S1, θ) at tmin ≤ 0 to extrapolate to the pion
pole:
lim
t→m2
pi
F (t, S1, θ)→ −g
2
8π2
(S1 −m2pi) · m2pi · [GA(t = m2pi)]2 ×
(
dσ
dΩ
(S1, θ)
)
γpi→γpi
. (24)
Because FB has no double pole at t = m
2
pi, therefore the second term of (23) will decrease rapidly due to the prefactor
(t−mpi)2 when the value of t is extrapolated from physical tmin ≤ 0 to m2pi. It is crucial that FB has no singularity
when 0 ≤ t ≤ m2pi. Furthermore, even FB has no singularity, if its value becomes large enough to compensate the
smallness of the prefactor (t−m2pi)2 at t = tmin, then the validity of Eq.(24) will be questionable.
Using the amplitudes listed in Eq.(10,11) one can estimate FB and examine whether the extrapolation is an ap-
propriate procedure. The method of extrapolation has been successfully used to extract ππ scattering parameters
from πN → ππN . However, the extrapolation in the case of radiative charged pion photoproduction is more compli-
cated because that there are diagrams which have poles at u = m2pi and such diagrams never appear in the case of
πN → ππN . Those diagrams have to be included in FˆB since they have no pole at t = m2pi. Moreover, those diagrams
must be included because they are required by gauge invariance. According to our results in Eq.(10) and Eq.(11), at
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FIG. 8: R‖’s as functions of θ. R
‖
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the final γ − π c.m frame, FB(t) can be written as
∆F (t, S1, θ) ≡ (t−m2pi)2 ·FB(t, S1, θ) = F 1B(t, S1, θ)
(t−m2pi)2
(u−m2pi)2
+F 2B(t, S1, θ)
(t−m2pi)
(u −m2pi)
+ (t−m2pi)2 ·F 3B(t, S1, θ). (25)
The value of 1(u−m2
pi
)2 becomes large when the angle θ moves toward the backward direction. Therefore in such
situations the values of (t−m2pi)2 ·FB are not necessarily as small as expected. It can be observed from Fig.(10) where
f(t) ≡ (t−m2pi)2(u−m2
pi
)2 and g(t) ≡
(t−m2
pi
)
(u−m2
pi
) are plotted as functions of t and their values increase fast as θ moves toward the
backward direction in the physical region t ≤ 0. As a result, the result of the extrapolation derived from Eq. (24) will
significantly deviate from the correct value of
(
dσ
dΩ
)elastic
γpi→γpi
, particularly at backward angles, if FB is simply neglected
at t = tmin.
Hence the applicability of the method of extrapolation heavily relies on the size of F 1B and F
2
B . One would argue
that the amplitude with a pole at u = m2pi should not hinder the extrapolation as long as one can calculate the
amplitude accurately and include them. However the LEC d20 and d21+
d22
2 appear in theMD and contribute to the
cross section through the diagram (4-19) which owns a pole at u = m2pi. The interference between diagram (4-19) and
diagram (1-C) will be comparable with the interference between diagram (4-1) and diagram (1-A) and causes large
deviation of the values of the charged pion polarizabilities. Therefore the applicability of the method of extrapolation
is severely limited.
Fortunately there is one exception: when the incoming photon is polarized along the direction perpendicular to the
scattering plane spanned by ~k and ~r, all LO and NLO diagrams with 1/(u −m2pi) vanish. Hence the LO, NLO and
NNLO pieces of F 1B and F
2
B all vanish in this polarization condition. So, the procedure of extrapolation would be
applicable in this particular polarization condition even at the backward angles. Hence one can apply the method of
extrapolation to extract αpi± − βpi± if the incoming photon is polarized normal to the scattering plane.
VI. DISCUSSION AND CONCLUSION
In this section we need address several important issues. The first one is the contribution of nucleon resonances,
particularly the contribution of the ∆(1232). It is well-known that the ∆(1232) plays an important role in the low-
energy phenomenology of the nucleon. It is possible to include its effect systematically in the extended version of
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HBChPT [27]. Here we only consider the leading order contribution of the ∆(1232) in MH . The complete analysis
beyond the scope of this article, but the leading order result in MH is very instructive. The LO diagrams with the
∆(1232) are given by: (see Fig. 11)
Aa∆ =
−e2gpi∆Nb1
36MNFpi
[τc − τ3δc3] 1
ωk −∆
{
−(~ǫ1 · ~ǫ ∗2 )(~σ · ~k ) + (~ǫ ∗2 · ~k )(~σ · ~ǫ1) + 2i~ǫ ∗2 · ~ǫ1 × ~k
}
,
Ab∆ =
−e2gpi∆Nb1
36MNFpi
[τc − τ3δc3] 1
ωq +∆
{−(~ǫ1 · ~ǫ ∗2 )(~σ · ~q ) + (~ǫ1 · ~q )(~σ · ~ǫ ∗2 ) + 2i~ǫ1 · ~ǫ ∗2 × ~q } ,
Ac∆ =
−e2gpi∆Nb1
36MNFpi
[τc − τ3δc3] 1
ωk − ωr −∆ {(~ǫ1 · ~ǫ
∗
2 )(~σ · ~q )− (~ǫ1 · ~q )(~σ · ~ǫ ∗2 ) + 2i~ǫ1 · ~ǫ ∗2 × ~q } ,
Ad∆ =
−e2gpi∆Nb1
36MNFpi
[τc − τ3δc3] 1
ωq + ωr +∆
{
(~ǫ1 · ~ǫ ∗2 )(~σ · ~k )− (~ǫ ∗2 · ~k )(~σ · ~ǫ1) + 2i~ǫ ∗2 · ~ǫ1 × ~k
}
,
(26)
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where ∆ =M∆ −MN = 293MeV , gpi∆N is the πN∆ coupling constant and b1 is the coupling constant of γN∆ [27].
Large Nc QCD gives
b1 = − 3
2
√
2
κv, gpi∆N =
3
2
√
2
gA. (27)
If ∆≫ ωk, ωq, ωr, then
A∆ ≃ −e
2gpi∆Nb1
18MN∆Fpi
[τc − δc3τ3][(~ǫ1 · ~ǫ ∗2 )(~σ · ~k − ~q )− (~σ · ~ǫ1)(~ǫ ∗2 · ~k ) + (~σ · ~ǫ ∗2 )(~ǫ1 · ~q )]. (28)
Comparing with Eq. (16), one finds that it has the same form as Eq. (16). If one assumes that d21 +
d22
2 is saturated
by the ∆(1232) resonance, then one obtains the following estimate:
ξ ≡ (4πFpi)2 ·
(
d21 +
d22
2
)
≃ − 1
18
gpi∆Nb1
MN∆
· (4πFpi)2 ≃ 1.46. (29)
According to the O(p4) CHPT predictions α˜+ β˜ = 0 and α˜− β˜ ≃ 1.79. Including higher order corrections, the ChPT
predictions become α˜ + β˜ ≃ 0.12 and α˜− β˜ ≃ 1.49. According to Eq.(18)and Fig. (6-8) the effects due to ξ and the
effects due to pion polarizabilities are about the same magnitude. Hence it is necessary to take ξ into consideration
when one tries to extract the charged pion polarizabilities from radiative charged pion photoproduction.
There is another important issue to be addressed here. The results of HBChPT for those sub-diagrams such as
MA and so on are not unique. Because each sub-diagram has at least one off-shell external leg, consequently those
amplitudes are changed if the parameterizations of the pion field and the nucleon field are changed. In other words,
one can redefine the fields and the results of MA to MH will be changed. One might worry about the uniqueness
of the result. As a matter of fact, there is no ambiguity as long as one uses the same parameterization of the pion
and nucleon fields through the whole calculation. Because the physical observables derived from the S matrices with
on-shell external legs, are independent of the choice of parameterization of pion and nucleon fields. Note that the
explicit forms of the counter terms and the values of the LECs in the chiral Lagrangian are dependent on the choice
of the parametrization of the field. Conversely, even if a model is very successful in describing the experimental data
of sub-processes such as γ + p → γ + n + π+, it is not necessarily reliable to use this model to describe the whole
process because of the off-shell ambiguity. But there is no such an ambiguity in any effective field theory as long as
the physical process is concerned. That is the main advantage of an approach based on an effective field theory.
It is also important to point out that in HBChPT, the convergence of some quantities such as spin polarizabilities,
which are extracted from some processes such as spin-dependent Compton scattering off the nucleon, is very poor
[28, 29, 30]. It casts doubt on the convergence of the expansion of the amplitude A in Eq.(9). However, it has
been shown that the convergence of the differential cross sections for Compton scattering is good [31]. The poor
convergence of spin polarizabilities is due to the separation of the nucleon pole and non nucleon-pole contribution
of the total amplitude. Since here we only concern the total amplitude of radiative charged pion photoproduction,
therefore, we should be satisfied without further high-order calculations.
In conclusion, we find that the the main uncertainty in the extraction of pion polarizabilities arises from the effect
of two combinations of the low energy constants in the chiral Lagrangian L(3)piN , d20 and d21 + d222 . Their effects are
comparable to the effects of pion polarizabilities on the cross section for radiative charged pion photoproduction.
Therefore, a measurement with a large coverage of the scattering angle is required to fit ξ, η and αpi± − βpi± in the
backward direction and to fit ξ and αpi±+βpi± in the forward direction. We also find the direction of the polarization of
the incoming photon plays important role in the extraction. Moreover, the typical extrapolation procedure is severely
limited due to diagrams which have pole at u = m2pi but not at t = m
2
pi. However such diagrams will vanish when the
polarization vector of the incoming photon is perpendicular to the scattering plane. As a result we suggest that the
extrapolation is still applicable in this particular situation.
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FIG. 11: The LO diagrams of radiative pion electroproduction in MH in the gauge ǫ1 · v = ǫ2 · v = 0 with the intermediate
∆(1232) state.
APPENDIX A: AMPLITUDES OF SUB-DIAGRAM H
Here we present the amplitudes for the sub-diagrams (H). We use the following notation:
1
i
∫
ddl
(2π)d
1
(m20 − l2 − iǫ)
= ∆[m20],
1
i
∫
ddl
(2π)d
lµlν
(m20 − l2)2 − iǫ
= gµνM2[m
2
0],
1
i
∫
ddl
(2π)d
1
(v · l−A− iǫ)(m20 − l2 − iǫ)
= J0[A,m
2
0],
1
i
∫
ddl
(2π)d
lµ
(v · l−A− iǫ)(m20 − l2 − iǫ)
= vµJ1[A,m
2
0],
1
i
∫
ddl
(2π)d
lµlν
(v · l−A− iǫ)(m20 − l2 − iǫ)
= gµνJ2[A,m
2
0] + vµvνJ3[A,m
2
0].
(A1)
Using dimensional regularization one obtains
∆0[m
2
0] = 2m
2
0
(
L+
1
16π2
ln
m0
µ
)
,
M2[m
2
0] =
1
d
[
∆0[m
2
0] +m
2
0 ·
d∆0[m
2
0]
dm20
]
,
J0[A,m
2
0] = −4AL+
A
8π2
(
1− 2 ln m0
µ
)
− 1
4π2
√
m20 −A2 · cos−1
(−A
m0
)
,
J1[A,m
2
0] = A · J0[A,m20] + ∆0[m20],
J2[A,m
2
0] =
1
d− 4
[
(m20 −A2)J0[A,m20]−A ·∆0[m20]
]
,
J3[A,m
2
0] = A · J1[A,m20]− J2[A,m20],
L =
µd−4
16π2
[
1
d− 4 +
1
2
(γE − 1− ln 4π)
]
,
(A2)
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where µ is the renormalization scale, γE = 0.557215.... is the Euler number and d is the space-time dimension. Also
we define w = (k − q)2 and J (m)0 ≡ ∂
mJ0[A,m
2
0
]
∂(m2
0
)m
. The results are
MH1 = −
√
2e2g2A
2F 3pi
∫ 1
0
dy
∫ 1−y
0
dx
(~ǫ1 · ~ǫ ∗2 )(~σ · ~k)(x+ y)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)2 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
+ (~ǫ1 · ~ǫ ∗2 )(~σ · ~q)(−y)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)2 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
+ (~σ · ~ǫ1)(~ǫ ∗2 · ~k)(x+ y −
1
2
)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)2 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
+ (~σ · ~ǫ ∗2 )(~ǫ1 · ~q)(x+ y − 1)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)2 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
+ (~ǫ1 · ~q)(~ǫ ∗2 · ~k)(~σ · ~k)[y(x+ y)(x + y − 1)]
[
∆
(2)
0 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)0 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
− (~ǫ1 · ~q)(~ǫ ∗2 · ~k)(~σ · ~q)y2(x+ y − 1)
[
∆
(2)
0 [m
2
pi + y(y − 1)w + xyw] + 2ωrJ (2)0 [xωk + yωr,m2pi + y(y − 1)w + xyw]
]
(A3)
MH2 = −
√
2e2g2A
2F 3pi
∫ 1
0
dy
∫ 1−y
0
dx
(~ǫ1 · ~ǫ ∗2 )(~σ · ~q)(x+ y)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw]− 2ωrJ (2)2 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
+ (~ǫ1 · ~ǫ ∗2 )(~σ · ~k)(−y)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw]− 2ωrJ (2)2 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
+ (~σ · ~ǫ ∗2 )(~ǫ1 · ~q)(x+ y −
1
2
)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw]− 2ωrJ (2)2 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
+ (~σ · ~ǫ1)(~ǫ ∗2 · ~k)(x+ y − 1)
[
M
(1)
2 [m
2
pi + y(y − 1)w + xyw] − 2ωrJ (2)2 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
+ (~ǫ ∗2 · ~k)(~ǫ1 · ~q)(~σ · ~q)[y(x + y)(x+ y − 1)]
[
∆
(2)
0 [m
2
pi + y(y − 1)w + xyw]− 2ωrJ (2)0 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
− (~ǫ ∗2 · ~k)(~ǫ1 · ~q)(~σ · ~k)y2(x + y − 1)
[
∆
(2)
0 [m
2
pi + y(y − 1)w + xyw] − 2ωrJ (2)0 [xωq − yωr,m2pi + y(y − 1)w + xyw]
]
(A4)
MH3 =
√
2e2g2A
4F 3pi
(~σ · ~k − ~q)(~ǫ1 · ~ǫ ∗2 )
∫ 1
0
dxx · {∆(1)0 [m2pi + x(x− 1)w] + 2ωrJ (1)0 [xωr,m2pi + x(x− 1)w]}.
(A5)
MH4 = −
√
2e2g2A
4F 3pi
(~σ · ~k − ~q)(~ǫ1 · ~ǫ ∗2 )
∫ 1
0
dx(1 − x) · {∆(1)0 [m2pi + x(x− 1)w] + 2ωrJ (1)0 [(x− 1)ωr,m2pi + x(x − 1)w]}.
(A6)
MH5 =MH6 = 0. (A7)
MH7 = −
√
2e2g2A
F 3pi
(~σ · 3~k − 3~q − 2~r){(~ǫ1 · ~ǫ ∗2 )
∫ 1
0
dy
∫ 1−x
0
dy(−1) ·M (1)2 [m2pi + y(y − 1)w + xyw]
+ (~ǫ1 · ~q)(~ǫ ∗2 · ~k)
∫ 1
0
dy
∫ 1−x
0
dy y(1− x− y)∆(2)0 [m2pi + y(y − 1)w + xyw]}. (A8)
MH8 =
√
2e2g2A
2F 3pi
(~σ · 3~k − 3~q − 2~r)(~ǫ1 · ~ǫ ∗2 )
∫ 1
0
dx(−1) · {∆(1)0 [m2pi + x(x− 1)w]}. (A9)
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MH9 =
√
2e2
Fpi
(d21 +
d22
2
)[(~ǫ1 · ~ǫ ∗2 )(~σ · ~k − ~q )− (~σ · ~ǫ1)(~ǫ∗2 · ~k ) + (~σ · ~ǫ ∗2 )(~ǫ1 · ~q)] (A10)
Here we do not explicitly display the results of cross diagrams which can be obtained by exchanging ~k←→ −~q, ~ǫ1 ←→
~ǫ ∗2 .
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